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In this paper it is shown that the numtxr of pairs of consecutive primitive 
roots module p is asymptotic to (p - 2)(9Q 7 J)/@, 7 l))*, and that, for all 
sticiently large primes p, there is at least brie pair of contiutive primitive roots 
module p. The theorem proved here is a gen~r&ati+n of !his proposition. 
Another one is mentioned in the renbrks. 
1. INTRODUCTION 
Vegh proved the following theorems in [4]. 
1. If p = 4k + 1 is a prime such that q~(p - l)/(p - 1) > ) and b is a 
quadratic residue modulo p, then there is at least one primitive root of p 
among the integers 
g, + b, 82 + b,..., m,-1) + 6 g, 4 b’, g, + b’,..., gm(s-1) + b’, (1) 
where gl, g2 ,..., g,(,-,) denote the primitive roots of p, CJJ denotes Euler’s 
function, and b * b’ = 1 modp. 
2. Ifp = 4k + 3 > 3 is a prime such that ~(p - l)/(p - 1) > $ and b 
is an integer (p { b), then there is at least one primitive root of p among 
the integers (1). 
In a previous paper [5] we were dealing with the distribution of the 
primitive roots of a prime. Using its arguments, we prove that (without 
the above conditions), for all sufficiently large primesp (e.g., forp > 10ls), 
there is at least one primitive root of p among the integers 
g, + b, gz + L., g,(,-1) + b, (2) 
where gl , g2 ,..., g,(,-l) denote the primitive roots ofp, v denotes Euler’s 
function, and b is an integer (p r b). 
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Let N(p, b) denote the numbe’rof primitive raots ofp among the integers 
(2). We show that 
NP, b) 
F-2 (p - 2) * (g(p - l)/(p - I))2 = l, 
and mention our related results proved in [5]. 
2. PRELIMINARY LEMMAS 
Let c&z) be the sum of the Ith powers of the primitive mth roots of 
unity (m, 1 integers, m > 0, 1 > 0). 
LEMMA 1 (Hardy- Wright [3, Theorem 2721). 
where q~ denotes Euler’sfunction, andp denotes the Moebius function. 
Let p be an odd prime, and let 
Xl, x2 = 
2 v-2 
Xl 9'..9 X62 = Xl 
‘p-1 
9x0 = Xl 
be the multiplicative characters mod p with the convention ~~(0) = 0 
(I = 0, l,..., p - 2). It is easy to see that the integer x (+ 0 modp) is a 
primitive root mod p if and only if (xl(x))-’ is a primitive (p - 1)-th root 
of unity. 
LEMMA 2, 
if x is a primitive root mod p, 
otherwise. 
Proof. The statement is obvious if x 3 0 modp. We assume that 
x + 0 modp. Let q be a primitive (p - I)-th root of unity. Then, the 
primitive (p - l>th roots of unity are 
q”, $2 ,..., +-11, where 1 = j, -C j, -C -** < jm(9-1) = p - 2, 
&,P - 1) = 1 (k = 1,2,. . ., 9)(p - 1)). 
The expression 
1 + q'kxltx) + m2x2c4 -b *** + bpF2 x9-2(x) 
186 MICHAEL SZALAY 
has the value p - 1 if (x&v))-~ = 7” and zero otherwise (for n f 0). By 
summation over k, we have 
%(P - 1) x0(x) + %(P - 1) n(x) 
+ %(P - 1) x2(x) + .** + %--2(P - 1) XD-e(x) 
1 
P- 1, if = x is a primitive root modp, 
0, otherwise, 
because (x1(x))-l = ++ may be satisfied for at most one k. 
LEMMA 3 (Davenport [I, Lemma 21). Let x’, x” be any nonprincipal 
characters mod p, and let a, $ a, mod p. Then, 
j il x’h + 4) x”(x + 6): ) <pllz. 
3. THE MAIN RKSULT 
THEOREM. 
I WP, b) - (P - 2) . (V(P - IMP - W I -C pllz 7 4”(p-l) + (v(p - l)/(p - W, 
‘&here q~ denotes Euler’s function, and v(p - 1) &notes the number of 
different positive prime divisors of p - 
ProoJ: Using Lemma 2, we have 
9-l 





5 z a,(~ - 1) xl(x + b)[ 
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= (P - 2XdP - l)l(P - w + (p ; 1)2 
* c’ 
O(kl.k8<P--8 
ork,(P - 1) %a(P - 1) $I x8&) xl& + w 
Here, the last sum has the absolute value <plla if klkz + 0, by 
Lemma 3, and 1 if k,kz = 0 (klz + k,2 # 0). Hence, 
I WP9 b) - (P - 2)(dP - l)l(P - WI 
k,s+k,a#O 
< (ppy2)” ( FZ I %(P - q. 
z=o 
Here, 
z 1 al(p _ l)l = gz v(p _ 1) @((P - 0/(~7 P - 1)) 
z=o d(P - o/(6 P - 1)) 
= T(P - 1) c p”((p - l)m v((p - 1)/d) 
d&l d(P - w) 
Consequently, 
zzz Y(P - 1) a,;v.p2 (+) = 2”‘“-‘$(p - 1). 
60 
I WP> b) - (P - 2)(dP - l)/(p - 1y I -c p1’z4”‘9-l’((p(p - l)/(p - 1))s. 
4. COROLLARIES 
Using the well-known theorem (Hardy-Wright [3, Theorem 3171) 
p(n) < 2’1CdlOl3 */log loI3 73 (e > 0, n > no(e)), 
we obtain the following by our Theorem. 
COROLLARY 1. 
lim NP, b) 
P-m3 (p - 2)(7J(p - l)/(p - w = I* 
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COROLLARY 2. Ifp > p0 , there is at least one primitive root ofp among 
the integers (2). (It may be calculated that, e.g., p > 1O’O is suficient.) 
5. REMARKS 
Let p be an odd prime, and let M(p, n) denote the number of sequences 
x, x + l,..., x + n - 1 
out of 1, 2,...,p - 1 which consist of primitive roots modulop. 
Using another theorem of Davenport [2] (instead of Lemma 3) we 
proved in the same way in [5] that 
M(P, n) 
?%p@(p - I)/(p - 1))” = lY 
and, if p > pi(n), there are at least n consecutive primitive roots of p. 
Note added in proof. In October 1970 I gave a detailed proof of my results about the 
distribution of primitive roots in the seminar of Professor Paul Turfin and this was 
published in Mat. Lopok (1970, 3-4, in Hungarian with English abstract). My present 
paper is an improvement of the results of E. Vegh in Journal of Number Theory which 
I found immediately after reading Vegh’s paper. Meanwhile an article of J. Johnsen 
was published (J. reine angew. Math. 251 (1971), 10-19) which contains proofs of all 
my results. His proofs, however, differ from mine in several fundamental details (e.g., 
in the formula of my Lemma 2 and my proof for the present special case is elementary). 
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